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Regression of the experimental data of one independent variable, y us. a linear combi- 
nation of functions of an independent variable of the form y = C Pjfi(x) is considered. 
Inherent collinearity among the terms of such functions may prevent obtaining a model 
of a desired accuracy. Traditional collinearity indicators, condition number of the nor- 
mal matrix, variance inflation factor, and a new indicator (truncation-error-to-noise 
ratio) are used to investigate the effects of the range and precision of the independent- 
variable data on collinearity among functions in a regression model. Statistical confi- 
dence intervals are used to demonstrate harmful effects of collinearity. The harmful 
effects increase by reducing the range of the independent variable data and/or its preci- 
sion. Using only independent variable data, the new collinearity indicator allows the 
identification of the point where the number of terms in a particular regression model 
becomes larger than can be justified on statistical grounds. The use of the new criterion 
can improve experimental design in order to minimize the harmful effects of collinearity 
and enable a rapid screen of correlations published in the literature for identifiing those 
that include more parameters than can be justified. 

Introduction 
Precise modeling and regression of experimental data be- 

comes increasingly important as computer-based modeling 
and design of chemical processes become more widespread. 
The accuracy of the model of a particular process critically 
depends on the accuracy of models that are used to predict 
physical and thermodynamic properties. There are ongoing 
projects, such as the Design Institute for the Physical Prop- 
erty Data (DIPPR) project of the AIChE (Daubert and Dan- 
ner, 19871, where experimental data from the literature is be- 
ing critically reviewed and regressed with selected empirical 
equations. 

In regression of experimental data, the objective is to ob- 
tain an equation that predicts values within the experimental 
error. In order to achieve this objective, equations containing 
a large number of constants relating to different functions of 
the same independent variable have been developed. Wagner 
(1973), for example, listed vapor-pressure models as a func- 
tion of temperature, using equations containing from four to 
ten parameters. While increasing the number of parameters 
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will usually reduce the sum of squares of errors (when the 
error is defined as the difference between the calculated and 
experimental value of the dependent variable), the use of too 
many terms related to the same independent variable has 
several critical drawbacks. For instance, the normal equation, 
which is used to calculate the parameters, becomes ill-condi- 
tioned, whereby adding or removing experimental points from 
the data set may drastically change the parameter values. 
There is no statistical justification to the inclusion of some of 
the terms in the correlation because the respective parameter 
values are not significantly different from zero. The deriva- 
tives of the dependent variable are not represented correctly, 
and extrapolation outside the region, where the measure- 
ments were taken, yields absurd results even for a small range 
of extrapolation. 

Nowadays, statistical analysis (F-test, confidence intervals) 
are routinely used to test whether there is a justification for 
including a particular term or a function in a model equation. 
But, many regression models that were published in the liter- 
ature can be suspected of having more terms and constants 
than can probably be justified on statistical grounds. 
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In this article we focus on regression of physical and ther- 
modynamic properties’ data. Typically a model for such data 
will contain both theory-based and empirical terms. The step- 
wise regression procedure is used most often for determining 
the number of terms that should be included in the model. In 
this procedure, the theory-based terms are included first, and 
then new terms are added as long as their inclusion can be 
justified (Wagner, 1973). There are also more recent proce- 
dures, which allow optimization of the structure of the re- 
gression equation where newly added terms can replace those 
that were already included in the equation, if such a replace- 
ment is statistically justifiable (Setzman and Wagner, 1989). 
All the commonly used techniques require calculation of the 
variance, which can be carried out only when information 
(measured values and error estimates) on the dependent vari- 
able is available. 

The aim of this article is to investigate the connection be- 
tween the range and precision of the independent variables 
and the maximal number of parameters that can be included 
in a model. The range and precision of the independent vari- 
ables are limited by physical constraints (a liquid, for exam- 
ple, cannot exist below the temperature of the triple point or 
above the temperature of the critical point) as well as by limi- 
tations of the experimental apparatus. These limitations are 
known in advance. Therefore, establishing such a connection 
helps to identify the appropriate structure of a correlation 
before experiments are actually carried out. This can lead to 
a better and more representative experimental design. 

The discussion is limited to  linear regression, in particular 
to the case where the regression model contains several dif- 
ferent functions of the same independent variable. It is shown 
that inherent collinearity among the terms of such functions 
may prevent obtaining a model of a desired accuracy. Tradi- 
tional collinearity indicators, which are condition number of 
the normal matrix, variance inflation factor, and a new indi- 
cator-the truncation-error-to-noise ratio-are used to in- 
vestigate the effects of the range and precision of the inde- 
pendent-variable data on collinearity among functions in a 
regression model. The extent of collinearity among these 
functions is used to establish an upper limit on the number of 
terms that can be included in a model. Only models whose 
general structure (including the order in which the different 
terms are added) is known a priori from theoretical analysis 
or previous experience will be considered. Many such models 
are in use in engineering. For example, models of physical 
properties as a function of temperature (Daubert and Dan- 
ner, 1987), dimensionless heat, mass, and momentum trans- 
fer coefficients as a function of other relevant dimensionless 
groups, and so on. 

Two examples (regression of viscosity and vapor-pressure 
data) are presented to demonstrate the application of the 
proposed criteria. Most of the calculations related to those 
examples were carried out using the regression program of 
the POLYMATH 4.0 package (Shacham and Cutlip, 1996). 
Calculations related to matrices were done using MATLAB 
(Math Works, 1992). 

Linear Regression with Models Comprising of 
Functions of One Independent Variable 

Let us assume that there is a set of N data points of a 
dependent variable (measured variable, such as vapor pres- 

sure, viscosity, heat capacity, etc.), y,  vs. an independent vari- 
able (controlled variable, such as temperature, concentration, 
pressure) x,, i = 1, 2, . . . , N.  A regression model comprising 
a linear combination of n different functions of the indepen- 
dent variable is considered. Thus, the regressors are x, = 

f I ( x - 1 ,  x2 = f 2 ( x ) ,  . . . , x, = fn(x) .  
A linear model fitted to the data is the form 

where Po, PI, . . . , P, are the parameters of the model and E, 

is a measurement error in y,. It is assumed that E, is inde- 
pendently and identically distributed (i.i.d.1. 

The vector of estimated parameters P T =  ( P o ,  j,, . . ., P,) 
is usually calculated using the least-squares error approach, 
by solving the normal equation: 

X T X j  = X T y ,  (2) 

where X T X  = A is the normal matrix. 
One of the assumptions of the least-squares error ap- 

proach is that there is no error in the independent variables. 
This is rarely true, however. Most reports on experimental 
measurements include estimated error in the independent 
variable. If such an estimate is not included, a lower limit on 
the error can be estimated from the number of decimal digits 
in which the data are reported. (For example, if the tempera- 
ture is reported with one digit after the decimal point in K, 
then the error is at least kO.05 K). Thus, the value of an 
independent variable can be represented by 

x, = X I  + 6 X i ,  ( 3 )  

where f, is the expected measured value and 6x, is the error 
(or uncertainty) in its value. 

The error in the independent variable is, of course, carried 
over to its functions. The error in the different functions can 
be estimated from 

where Sx,, is the estimated error in the j th  function of x,. 
The errors Sx, ax,, . . . , 6x, result from the limited preci- 

sion of the measurement and control devices, and they will 
be denoted “natural errors” or “noise.” The natural errors 
have an important role in determining the number of terms 
and parameters that can be included in a regression model. 

Collinearity and its diagnostics 
Collinearity among the different variables can severely limit 

the accuracy of a regression model. A typical consequence of 
collinearity is that adding or removing a single data point may 
cause very large changes in the calculated parameter values. 
This effect is usually called “ill-conditioning” of the regres- 
sion equation. Proper diagnostics of collinearity as the cause 
of ill-conditioning is very important since once detected, ap- 
propriate measures to reduce the ill-conditioning can be 
taken. 
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A collinearity is said to exist among the columns of X = [x,, 
x2, . . . , x,] if for a suitable small predetermined 7 > 0 there 
exist constants cl, c2,  . . . , c,, not all of which are zero, such 
that (Gunst, 1984) 

c ,x ,  + c2x2 + .. . + c,x, = A; with I1 A II < 7 -  I1 c I / ,  ( 5 )  

where /I II indicates the norm of a matrix or a vector. This 
definition cannot be used directly for diagnosing collinearity 
because it is not known how small 7 should be so that the 
harmful effects of collinearity will show. 

Belsley (1991) lists several criteria and procedures that can 
be used to detect collinearity. In general those criteria can be 
divided into two groups: those that are based only on the 
independent-variables data (e.g., condition number of the 
normal matrix, variance inflation factor), and those that also 
require data of the dependent variable (e.g., confidence in- 
tervals). Diagnosing collinearity using only the independent 
variable data has many advantages, since it allows a distinc- 
tion between collinearity and the measurement error (in the 
dependent variable) as causes of limited accuracy of a regres- 
sion model. Such a distinction is required for a better experi- 
mental design. Two widely used criteria of the first 
group-the condition number of the normal matrix and the 
variance inflation factor (V1F)-will be briefly reviewed. A 
new criterion (of the same group), “the truncation-error-to- 
noise ratio” will be introduced. 

Diagnosis based on the condition number of the normal 
matrix 

A higher IeLel of collinearity makes the normal matrix more 
ill-conditioned, whereby the errors in the measured values of 
y,  or x, will be amplified when calculating the vector of pa- 
rameter value?, p. 

Denoting A = X7X (normal matrix) and, b = X T y ,  the er- 
rors in the calculated parameter values, Sp, are bounded by 
(Dahlquist et al., 1974, p. 176): 

/ I  SA II I1 S B  II 
K ( A ) -  2 (6) 

IIAII I I ~ + S g I I ’  

where K ( A )  is the condition number of the normal matrix 
and 6.4 is the matrix of errors in A .  pt, similar equation re- 
lates the error in b, 66, to the error Sp: 

(7) 

The condition number is the ratio of the largest to the 
smallest eigenvalue of A.  A strong collinearity results in a 
higher condition number, thereby amplifying both Sb and SA. 
The former represents measurement errors in both the de- 
pendent and independent variables, while SA represents the 
errors in the independent variables. 

The condition number of the normal matrix has been ex- 
tensively used for collinearity diagnosis. However, no critical 
value for the condition number has been established to indi- 
cate harmful collinearity. Therefore, the condition number is 
not a quantitative measure for collinearity. Furthermore, it 
has been shown that certain data transformations can reduce 
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the value of the condition number without affecting the level 
of collinearity (Belsley, 1984). 

Diagnosis based on the variance infition factor 
The VIF measures how much collinearity has increased the 

variance of the model parameters. It can be defined as (e.g., 
Belsley, 1991, sec. 2.3) 

where a’ is the variance of the dependent variable; .F,, is 
the calculated value of x , ~  when it is regressed on the other 
independent variables; and R: is the corresponding multiple 
correlation coefficient. 

As can be seen from its definition, the VIF can be calcu- 
lated from the independent variable data only. A high VIF 
value indicates a value of R: near to unity and a case of 
collinearity. As for the condition number, there is no well-de- 
fined critical value for VIF, although some authors (see 
Chatterjee and Price, 1991) suggest 10 as a threshold value to 
indicate harmful collinearity. It should be noted that for non- 
centered data, there is a different definition for VIF that 
yields higher values. However, the trend indicated by both of 
them is the same. In the examples, Eqs. 8 and 9 are used. 

Diagnosis based on the truncation-error-to-noise ratio 

ity. This equation can be divided by, say, c, to yield 
Let us consider Eq. 5,  which was used to define collinear- 

where ck,, = ck/cI ;  k = 1, 2, . . ., n. When the coefficients c 
are obtained by regressing x, as a function of the other inde- 
pendent variables, A] is the residual of this representation 
and is denoted as the “truncation error” (notation is further 
clarified in the Appendix). Since the independent variables 
are subject to an error, the value of A, is also subject to an 
error. An upper limit for this error can be estimated from the 
general error propagation formula: 

6, = I c1., II sx, I + I c2,j I I  6x2 I + ... + I s x j  I 

+ ... + I C”, ,  I/ 6x, I ,  (10) 

where I 6 x k  1, k = 1, . . . , n are the natural errors in the inde- 
pendent variables and are obtained by Eq. 4. The values, 6j, 
can be used to judge the significance of the truncation errors, 
Aj. When >> Aj, the truncation error is within the experi- 
mental “noise” level, and thus is practically zero. In this case, 
harmful collinearity exists. A diagnostic criterion that com- 
pares the truncation error to the noise level can be estab- 
lished based on the ratio of the norms of Aj  and 8,: 
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The value of Er, expresses how much of the variation of 
the truncation error about the zero (mean) value (as repre- 
sented by the residual plot) can be attributed to experimental 
noise. When Er, I 1, the truncation error is practically zero, 
so there is a harmful collinearity among the regressors used 
in the model, whereas a value of Er, >> 1 indicates that the 
truncation error is much larger than the noise level, so harm- 
ful effects of collinearity are not expected. In between these 
two extremes, the numerical experimentation should deter- 
mine the critical values of Er]. 

It should be noted that S, as obtained by Eq. 10 represents 
an upper limit on the noise level, and hence, a lower estimate 
on Er. An estimate for the lower limit for the noise level 
(which can often be more realistic) is to use S, = I axl I ,  
whereby the noise level is taken as the natural error in the 
value of x,. The corresponding Er reads: 

( l lb )  

This definition of Er provides an upper estimate on the trun- 
cation-error-to-noise ratio. 

Criterion based on confidence intervals 
A frequently used statistical indicator to determine whether 

a particular term should be included in a regression model is 
the confidence interval. This interval is defined by 

where t( v, a) is the statistical t distribution corresponding to 
v degrees of freedom ( v  = N - (n  + I)), and a desired confi- 
dence level, cy,, and s is the standard error of the estimate. 

Clearly, if PI is smaller in its absolute value than the term 
t( Y, ah&,  then the zero value is included inside the con- 
fidence interval, k t( v ,  a h & .  Thus, there is no statistical 
justification to include the associated term in the regression 
model. If the independent variables are strongly correlated, 
most confidence intervals will be larger (in absolute values) 
than the respective parameter values. Thus, the confidence 
interval test may be insufficient to pinpoint which of the terms 
should be removed from the model due to collinearity. In 
such cases, it may be necessary to repeat the confidence in- 
tervals test using uncorrelated orthogonalized data to vali- 
date the results. 

The confidence interval test relies on more information 
than is required for the previous tests. In particular, it de- 
pends on s, which reflects the measurement errors in the de- 
pendent variable (and also, indirectly, the error in the inde- 
pendent variable) and the magnitude of the diagonal ele- 
ments of A - ’ ,  which strongly relate to K(A) .  

Confidence intervals are useful for evaluating the statisti- 
cal significance of a regression model. However, the calcula- 
tion of the confidence intervals requires carrying out first the 
experiments (for obtaining the values of the independent 
variables) and then the regression calculations. Also, since 
the values of the confidence intervals depend on several fac- 
tors, the effect of collinearity cannot be distinguished from 
the effect of the experimental errors in the dependent-varia- 
ble data. 
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Effect of range and precision of the independent variable 
on collinearity 

Equation 10 provides a basis for assessing the effect of the 
precision and the range of the independent variable on 
collinearity. 

The effect of precision is included in the denominator of 
Eq. 10. Higher precision of x results in a smaller value of 

1 S, 1 ,  thus increasing Er,. 
The norm of the truncation error (numerator of Eq. 11) 

depends on the range of the independent variable data. Re- 
calling that xl, x2, . . . , x, are actually different functions of 
a single variable x, a local approximation around x = x,, 
(where xo  is a point located within the measurement inter- 
val) can be used to represent x, = f , ( x )  in terms of the other 
n - 1 functions used in the regression model, of the form 

k = l  
k + l  

The values of c6,, can be obtained, for example, by requiring 
that J ( x )  and its first n - 2 derivatives are matched at x = xo 
(see a more detailed explanation in the Appendix). Obvi- 
ously, the truncation error associated with such an 
approximation increases by increasing the range of 
x, ( m a  I x, - x,, I ). Thus increasing the range of the independ- 
ent variable affects an increase of I/ A, 1 1 ,  and consequently 
an increase of Er,. 

In the remainder of the article two examples are presented 
to demonstrate the use of the various collinearity indicators 
for detecting the harmful effects of collinearity in regression, 
and the influence of the range and precision of the indepen- 
dent variables on collinearity. 

Example 1 : Regression of Liquid-Viscosity Data 
Table 1 shows the viscosity of the liquid hydrogen bromide 

as a function of temperature. These data are from Viswanath 
and Natarajan (19891, who cite Steele et al. (1906) as the 
source of the data. The reported precision of the tempera- 
ture data is kO.1 K and the reported accuracy of the viscos- 
ity data is +0.5 %. 

The range of the temperature is very narrow (186.8-199.4 
K) because of the small gap between the melting point (186.2 
K) and normal boiling point (206.4 K). Dauber and Danner 
(1989) propose to use the three-parameter equation: 

ln(q) = A‘ + B’/T + C’lnT, (13) 

where 7 is the viscosity in (Pa s).  
It is a common practice to carry out the calculations using 

normalized, dimensionless variables. Using such variables re- 

Table 1. Viscosity Data for Hydrogen Bromide 

Temp. (K) Vis. (Pa-s)x 10’ 
1 186.8 0.91 1 
2 188.8 
3 190.8 
4 193.7 
5 197.3 
6 199.4 

0.002 
0.89 
0.877 
0.857 
0.851 

From: Steele et al. (1906) 
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Table 2. Collinearity Indicators for Two- and Three- 
Parameter Models* 

No.  of Condition 
No. Parameters No. VIF Er' Er" 

7 1 - 7.4583 X lo3 1 44.58 44.58 
2 3 1.4267~ 108 12,890 0.197 0.393 

* Normalized independent variable data of Example 1. 

duces the condition number of the normal matrix, leading to 
a more accurate calculation of the model parameters. The 
temperature is normalized by dividing it by the maximal tem- 
perature; thus, T = T/199.4, and the viscosity is normalized 
by dividing it by the viscosity at the highest temperature; thus, 
p = q/0.851. Note that mean centering of temperature data is 
impossible when using Eq. 13, since ln(T) is undefined for 
negative values of T and 1 / ~  is undefined at T = 0. 

First, we compare the 2-parameter model (In( p )  = A + 
B/T) with the 3-parameter model (In( p )  = A + B/T + C In T )  

using the various collinearity indicators that are based only 
on the independent variable data. 

Table 2 shows K ( A ) ,  VIF, and the two values of Er:Er' 
are calculated based on 6, (Eq. l l a )  and Er", which is based 
on the natural error error in In T (Eq. llb). 

All collinearity indicators given in Table 2 indicate that the 
effects of collinearity are much more severe in the three- 
parameter than in the 2-parameter equation. The condition 
number and the VIF are larger by more than four orders of 
magnitude, for the 3-parameter model. The value of Er is 
much greater than one (44.58) for the 2-parameter equation 
and becomes smaller than one for the 3-parameter model. 
Since in this model Er < 1, collinearity prevents using the 3- 
parameter model for data of such a range and precision. 

The graphical interpretation of Er in this example is given 
in Figure 1. This figure shows the truncation error A i j  as 
calculated from Eq. 5a for the three-parameter model in com- 
parison to the natural error (i3[ln(~)] = k 1/ I T I 6T/199.4 I ) .  
It can be seen that the truncation errors are much smaller 
than the natural errors; thus, all the accurate information in 
ln(7) is already included in its linear representation by 1 /~ .  

To verify that the 3-parameter equation is indeed inappro- 
priate for representing these data, the parameters of the 
model representing In( p)  as a function of 1 / ~  and ln(7) have 
been calculated. The calculated values are shown in Table 3. 
The calculations related to Table 3 were carried out using 
normalized data. The results were verified using orthogonal- 
ized data (not shown). For the 3-parameter model, all confi- 
dence intervals are much larger than the parameter values, 
indicating that this model is inappropriate. For the two- 
parameter model, the confidence intervals are smaller than 
the parameter values and the variance is smaller than for the 
3-parameter model. 

Figure 2 shows the relative error of the viscosity calculated 
using the two-parameter model. The error is randomly dis- 

- CnT x lo2 
Figure 1. Truncation error in representing ln(T) as a lin- 

ear function of 1 / r  in comparison to the nat- 
ural error. 

tributed and it is less than 0.3%, which is less than the exper- 
imental error in the viscosity data (0.5%). 

It can be concluded that because of the narrow range of 
temperature where experimental data are available, the vis- 
cosity of liquid hydrogen bromide can be represented by the 
2-parameter model within the accuracy of the data. This 
model is statistically valid. There is no statistical justification 
to include one more term (and parameter) in the viscosity 
equation, since such an addition leads to a less accurate cor- 
relation with absurdly large confidence intervals. The 
collinearity indicator, Er,  allows prediction of the maximal 
number of terms that can be included in the particular model 
using the independent variable data only. 

Example 2. Regression of Vapor-Pressure Data 
Table 4 shows vapor pressure data vs. temperature of 1- 

propanethiol as published by Osborn and Douslin (1966). The 
temperature, which is considered the independent variable, is 
reported with five decimal digit accuracy, and Osborn and 
Douslin (1966) indicate that the precision of the temperature 
measurement is 0.001 K. The vapor pressure (dependent 
variable) is also reported in five decimal digits. 

The following form of the Riedel equation is considered 
for correlating these data: 

B' 
T 

ln(P) = A' + - +C'ln(T)+ D'T' .  (14) 

For regression, the variables are brought into dimension- 
less forms T = (T + 273.15)/375.238 and 7~ = P/2026.0. Thus 
Eq. 14 becomes 

B 
l n ( r )  = A + - + Cln(T)+ D T ~ .  (14a) 

7 

Table 3. Regression of In( p )  with the Model In( p)  = A + B/T + C In T 

Correlation A* B C S L  

2 parameter - 1.04422 & 0.08467 1.04266+0.0818 2.997 X 1 0 - O  
3 parameter - 1.58808k 12.26 1.58665 + 12.263 0.561924 f 12.67 3.969X 

*Confidence interval values rounded to four significant digits. 
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Figure 2. Relative error in viscosity values calculated 
using a two-parameter model. 

This set of data and the model (Eq. 14a) are used to inves- 
tigate the effects of the range and precision on collinearity 
and on the number of parameters that can be used in the 
model. Four different data sets are generated. The first data 
set is the basic data set: temperature range is 24.275"C to 
102.088"C with 15 data points, where the estimated precision 
of the temperature data is 0.001"C. In the second data set, 
the last eight data points have been removed to yield a tem- 
perature range of 24.275"C to 56.605"C. In the third data set, 
eight data points (No.% 2,4,6,7,8,10,12, and 14) have been re- 
moved without altering the temperature range of the basic 
data set. In the fourth data set, the basic set was used except 
that the last two digits of the temperature values were 
rounded to render an estimated precision of f0.05"C in the 
temperature values. 

To calculate the various collinearity indicators we first 
regress r 2  as function of 1/r and ln(r). Thus 

b 
.i2 = a  + - + cln(r), (15) 

7 

where a, b, and c are parameters of the regression equation. 
For the basic data set, the following values for the parame- 
ters are obtained: a = - 1.83139 k 0.1097, b = 2.83057 & 

Table 4. Vapor-Pressure Data for 1-Propanethiol 

Temp. PC) Pres. (mm Hg) 
1 24.275 149.41 
2 29.563 187.57 
3 34.891 233.72 
4 40.254 289.13 
5 45.663 355.22 

6 51.113 
7 56.605 
8 62.139 
9 67.719 

10 73.341 

11 79.004 
12 84.710 
13 90.464 
14 96.255 
15 102.088 

433.56 
525.86 
633.99 
760.00 
906.06 

1,074.6 
1,268.0 
1,489.1 
1,740.8 
2,026.0 

From: Osborn and Douslin (1966). 

x 

a 
i 

U 
c 
0 

cb 0 
C 
2 

.- I 
-2.0 

-6.0 I:i 
Figure 3. Residual plot for representation of T~ as a lin- 

ear function of 1 / T  and ln(7). 

0.1102, and c = 4.77925 5 0.1239 (confidence intervals 
rounded to four significant digits). 

The truncation error in representing r 2  by Eq. 15, for the 
basic data set, is shown in the residual plot (Figure 3). It can 
be seen that the error in this representation is in the interval 

Table 5 shows K ( A ) ,  the VIF, Er', and Er" for the 4- 
parameter equation of the vapor prcssure obtained with the 
various data sets. For the basic data set, both the condition 
number and VIF are very large compared to accepted stan- 
dards in the statistical literature, but the Er values (>> 1) 
imply that collinearity does not prevent the use of the 4- 
parameter regression equation. 

Narrowing the range of the independent variable data (set 
No. 2) affects an increase of K ( A )  and VIF by two orders of 
magnitude. The value of Er' is very close to one and Er'l is 
less than 10, indicating that this is a borderline case, where 
collinearity may prevent the use of a 4-parameter equation. 
All collinearity measures indicate that reducing the number 
of data points without changing the range of the data (set 
No. 3) has an insignificant effect on collinearity. 

Reducing the precision of the temperature data (set No. 4) 
affects very small changes in K ( A )  and VIF (in comparison to 
the basic data set), but reduces very significantly both Er" 
and Er'. Since Er' - 0.3 and Er" - 2, it is very probable that 
collinearity prevents the use of the 4-parameter equation in 
this case. 

Table 6 shows the parameter values (including confidence 
intervals) and variances of the regression equations obtained 
for ln(7) with three- and four-parameter versions of Eq. 14a 
using the various data sets. The calculations related to Table 
6 were carried out using normalized data. The results were 
further verified using orthogonalized data (not shown). 

of [ -  low3, 

Table 5. Collinearity Indicators for Various Data Sets for 
Example 2 

Data Condition 
Set* No. VIF Er' Er" 
No. 1 5.0969 X 10' 6.5098 x lo4 15.66 94 
No. 2 5.4085 X 10'' 1.46275 x lo6 1.484 8.9 
No. 3 3.7423 X 10' 6.0156 X lo4 18.3 110 
No. 4 5.1054 x 10' 6.5098 x lo4 0.313 1.89 

*Data set description: 1. Temp. range 24.275-102.088"C, 15 data points, 
full precision; 2. Temp. range 24.275-56.6OS0C, 7 data points, full preci- 
sion; 3. Temp. range 24.275-102.088"C, 7 data points, full precision; 4. 
Temp. range 24.3-1O2.l0C, 15 data points, last two digits rounded. 
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Table 6. Regression of In(a with 3- and 4-Parameter Versions of Eq. 14a for Various Data Sets 

0.6 * 
0 

Data Set No. of 
No.* Parameters A 

- 8 - 0 .  

B C D S 2  

13.3515 f 0.1085 
15.1438 k0.1770 

15.6726 f 0.0996 
15.1829k3.270 

13.3278 f 0.2539 
15.0737 f 0.4833 

13.5712k 0.1730 
14.3191 k 1.861 

- 13.3523+0.1090 
- 16.1226 + 0.2728 

- 15.6726k0.0997 
- 14.9813 i4.615 

- 13.3284 k 0.2549 
- 16.0201 f 0.7430 

- 13.5726 k 0.1737 
- 14.7285 k 2.869 

- 3.81954 k 0.1226 
- 8.49691 k0.4601 

-4.315 k0.105 
- 3.22244 f 7.292 

- 3.79101 k0.2871 
- 8.33OO2It: 1.251 

- 4.0633 f 0.1954 
- 6.01491 k4.839 

- 
0.978684 f 0.09619 

- 
-0.201684k1.346 

- 
0.946858 k 0.2606 

0.408323 k 1.0117 
- 

2.476 X lo-? 
5.798 X 

2.629 X 
3.258 X 

4.463 X lo-' 
1.308 X lo-' 

6.292 X lo-? 
6.404 X lo-? 

*See description of data sets in Table 5. 

For the basic data set, the 4-parameter model is clearly 
superior to the 3-parameter model. The variance is smaller 
by almost two orders of magnitude. The confidence intervals 
for all parameters of both models are small relative to the 
parameter values, thus all parameters are significantly differ- 
ent from zero. 

The adequacy of the 4-parameter model is further empha- 
sized by comparing the residual plots for the 3-parameter 
model (Figure 4) and the 4-parameter model (Figure 5) .  In 
Figure 4, a clear pattern can be recognized and the error 
range is [ -0.8 x 1.2X The 4-parameter model 
yields a random error distribution (Figure 5) and the error 
range is smaller by an order of magnitude [-1.8X10-4, 1.2 

The results for data set 2 in Table 6 show that reducing the 
range of the data makes the 4-parameter model inadequate 
for representing the data. The variance of this model is larger 
than that of the 3-parameter model and the coefficients of 
ln(7) and T~ are not significantly different from zero. The 
various collinearity indicators in Table 5 (in particular Er)  
predict these effects of reducing the range of temperature 
where measurements are available. 

Reducing the number of data points without changing the 
range (data set 3) results in an increased variance (due to less 
degrees of freedom), but other than that it does not affect 
significant changes in the 3- or 4-parameter model represen- 
tation of the data. 

Reducing the precision of the independent variable data 
(set No. 4) renders the 4-parameter model inadequate. The 
variance of the 4-parameter model is larger than that of the 

x 10-41. 

. .  . 
W 
g -0.0 j_ ........ :. ........ .: ............ ..I . 1 . . .  E 

-0.4 

' ' ' ' ' ' I 1 . 
-3.0 -2.4 -1.8 -1.2 -0.6 0 

"h (.n> 
Figure 4. Residual plot of the vapor-pressure data rep- 

resented by a three-parameter equation. 

3-parameter model, and parameter D in the four-parameter 
model is not significantly different from zero. The collinear- 
ity indicator Er predicts the effect of reduced precision, while 
both K ( A )  and VIF remained unaffected by this change. 

The effects of the range and precision of the independent 
variable in regressing vapor-pressure data are summarized in 
Figures 6 and 7. Figure 6 shows the values obtained for Er, 
K(A) ,  VIF, s [the standard deviation of ln(n)l, and AD/D 
(the relative confidence interval on parameter D in Eq. 14a 
vs. the normalized temperature range (the value 1 corre- 
sponds to the full range). 

Reducing the range of the data has an insignificant effect 
on the standard deviation, but changes considerably the vari- 
ables associated with collinearity: ( K ( A ) ,  VIF) and A D/D in- 
crease by orders of magnitude when the temperature range is 
reduced by 60% (from 1 to 0.4). The most meaningful indica- 
tion of the harmful effects of collinearity is manifested in the 
value of AD/D, which exceeds the value of 1 at the relative 
temperature range of 0.6 (meaning that for a smaller range of 
temperature, parameter D is no longer significantly different 
from zero). These ill effects of collinearity are predicted by 
Er, which approaches a value of 1. 

In Figure 7, the same variables are plotted vs. the error in 
the temperature, 6T (introduced by rounding out the last 
digits). As expected, the traditional collinearity indicators 
K ( A )  and VIF (which use only information of the indepen- 
dent variables) are not affected significantly by the change of 
precision. However, the standard deviation and A D/D in- 
crease significantly with increasing S T ,  which is accompanied 
by a decrease of Er. Both AD/D and Er' cross the threshold 

........ ..... .............. * I  7 0.01  ? * *...;. . .  

w I- - 1  

t 
-1.2 . . L I 
-1.81 ' ' ' ' ' ' ' ' ' 1 

-3.0 -2.4 -1.8 -1.2 -0.6 0 

Figure 5. Residual plot of the vapor-pressure data rep- 
resented by a four-parameter equation. 
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Figure 6. Variation of regression-related variables with 
the range of the independent variable (for the 
vapor-pressure data). 

value of 1 at about ST = 0.05 K, indicating that for such (and 
lower) precision, collinearity prevents the use of the 4-param- 
eter regression equation. 

Conclusions 
It has been shown that when correlating a dependent vari- 

able with a linear combination of functions of the same inde- 
pendent variable, collinearity among those functions must be 
considered. The extent of the collinearity depends on the var- 
ious functional terms included in the correlation and the 
range of the independent variable. The impact of this 
collinearity on the quality of the correlation depends on the 
precision of the independent variable. 

All collinearity indicators, which are based on independent 
variable data only, showed that reducing the range causes an 
increase of the collinearity among the different terms of a 
regression model. However, only the new indicator intro- 
duced here, the truncation-error-to-noise ratio, provides a 
critical threshold value that indicates when collinearity 
reaches a level that requires a reduction of the number of 
terms in a regression equation. Statistical confidence interval 
values verified the conclusions reached based on the trunca- 
tion-error-to-noise ratio criterion. 

Traditional collinearity indicators, such as the condition 
number of the normal matrix and the variance inflation fac- 
tor, are practically unaffected by the precision of the inde- 
pendent variable. Indeed, it can be shown that there is a rela- 

In 

Figure 7. Variation of regression-related variables with 
the precision of the independent variable (for 
the vapor-pressure data). 

tionship between the truncation error and VIF (see, for ex- 
ample, Belsley, 1991, pp. 27-29): 

c, t X I ,  - Xi ? 
ciL$ ’ 

VIF, = 

which does not include an implicit rcference to the error in 
x],. This is probably the reason for poor diagnostics provided 
by the VIF in many cases (see Example 2). Both the trunca- 
tion-error-to-noise ratio and confidence-interval values indi- 
cate that a limited precision of the independent variable may 
render the use of a regression model with too many parame- 
ters statistically unjustifiable and numerically unstable. 

The new collinearity indicator Er allows setting an upper 
limit on the number of functions and parameters in a particu- 
lar regression model even before the experiments are carried 
out. If the model with the maximal number of parameters 
cannot represent the dependent-variable value at the desired 
accuracy, then the range and/or the precision of the inde- 
pendent-variable values must be increased to allow the addi- 
tion of more terms to the regression equation. In some cases, 
transformation of the variables can reduce the harmful ef- 
fects of collinearity (Shacham and Brauner. 1997). Marquardt 
and Snee (1975) recommend the use of “ridge regression,” 
where a small positive value is added to the diagonal ele- 
ments of the normal matrix, to  reduce the harmful effects of 
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collinearity. While this method may allow inclusion of more 
terms in a regression equation, it introduces a certain bias in 
the estimated parameter values. The method of “partial least 
squares (PLS)” (Wold et al., 1984) has also been recom- 
mended as a means for reducing the ill effects of collinearity, 
but this method is applicable mainly when there is a large 
number of independent variables and yields very complicated 
model equations (a drawback when modeling thermophysical 
data). 

For a particular type of correlation (say Riedel’s equation 
for vapor pressure), an approximate relationship can be es- 
tablished between the maximal number of parameters and 
the range and precision of the independent variable. This re- 
lationship can be used for evaluating the validity of equations 
published in the literature. If an equation contains more (or 
significantly less) terms than expected, its statistical validity 
and accuracy are questionable. 

The theoretical analysis and examples provided in this arti- 
cle include only one independent variable. However, the ex- 
tension to cases of several independent variables is straight- 
forward 
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Appendix: Example for Derivation of an Expres- 
sion for the Truncation Error as a Function of 
( x  - XI)) 

Considering, for example, a model of the form: 

P I  
JJ = po + - + p2 In x + p3x2. 

X 

At a vicinity of a point x,, within the measurement interval, 
x2  can be expressed as a linear function of l/x and In(x), 
x2  = c1 + c2/x + cg In(x), which can be written in the follow- 
ing form: 

where c j  = c,/x,$ c; = .,/xi, and c; = ( c ,  + c j  In x,,)/x:. Re- 
quiring that the function, its first, and second derivatives on 
both sides of Eq. A2 are equal at x = x,,, results in three 
equations with three unknowns (c;, c;, cj): 

xo’ = c;x; + c;x; 

2x0 = - c;xo + C j X ”  (A3) 

2 = 2c; - c;, 

which yields c; = -3, c; = 4, c; = 6. Any point within the 
measurement interval can be used for xo. Then truncation 
error at point xi is defined by 

Such an analysis can be used to estimate the truncation error 
(and Er)  without carrying out any regression. However, when 
the coefficients of the linear representation of x2  as a func- 
tion of l/x and In(x) are obtained by regression, the resulting 
coefficient values satisfy Eqs. A3 with an “optimal” value of 
x,, in the least-squares sense (in Example 2, the value of x,, = 
To = 334.24 K is obtained). 

In the Taylor series expansion of A (Eq. A4) around x = x,,, 
the terms containing the function, its first, and second deriva- 
tives vanish, and the error term is proportional to 
ld3A/&31x=xa = (x - x0)3/3!. Thus, the truncation error in 
expressing x2 as a linear function of l/x and In(x) is propor- 
tional to (x - xJ3, which is bounded by (xma - xminl3. In- 
creasing the range of the independent variable increases the 
truncation error. 
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